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Initial-Value Problem for Hypersonic Boundary-Layer Flows
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An initial-value problem is analyzed for a two-dimensional wave packet induced by a local two-dimensional
disturbance in a hypersonic boundary layer. The problem is solved using Fourier transform with respect to the
streamwise coordinate and Laplace transform with respect to time. The temporal continuous spectrum is revisited,
and the uncertainty associated with the overlapping of continuous-spectrum branches is resolved. It is shown that
the discrete spectrum’s dispersion relationship is nonanalyticbecause of the synchronization of the � rst mode with
the vorticity/entropy waves of the continuous spectrum. However, the inverse Laplace transform is regular at the
synchronism point. Characteristics of the wave packet generated by an initial temperature spot are numerically
calculated. It is shown that the hypersonic boundary layer is highly receptive to vorticity/entropy disturbances in
the synchronism region. The feasibility of experimental veri� cation of this receptivity mechanism is discussed.

Nomenclature
A = vector function of six components
A j = j th component of vector A
D = d/dy
e = ratio of the bulk viscosity to the dynamic viscosity
H i j ; L i j = ijth matrix element
M = Mach number
m = 2.e ¡ 1/=3
Ps = mean pressure
Pr = Prandtl number
p = Laplace variable
Re = Reynolds number
r = 2.e C 2/=3
T = mean-� ow temperature
t = time
U = mean-� ow velocity
u = streamwise velocity disturbance
v = normal velocity disturbance
x = streamwise coordinate
y = coordinate normal to the wall
® = streamwise wave number
° = speci� c heat ratio
µ = temperature disturbance
¹ = viscosity disturbance
¹s = mean-� ow viscosity
¹0

s = d¹s=dTs

¼ = pressure disturbance
½ = density disturbance
½s = mean-� ow density

Subscripts

e = upper boundary-layeredge
p = Laplace transform
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s = mean � ow
® = Fourier transform
* = synchronization

Superscripts

T = transposed
* = dimensional

Introduction

S TUDIES of laminar-turbulent transition in hypersonic
boundary-layer� ows have a long history.Nevertheless,our un-

derstanding of this phenomenon is still very poor compared to the
low-speed case.1 There are several reasons for this gap. For exam-
ple, experimentalconditions are severe in hypersonicwind tunnels.
Because of very high levels of freestream noise, it is dif� cult to
perform experiments with controlled disturbances. It is also dif� -
cult to design perturbers providing high-frequencyarti� cial distur-
bances of well-controlled characteristics.Usually experimentalists
deal with wave trains or wave packets internalized in the bound-
ary layer. Furthermore, interpretation of experimental data is not
straightforwardbecause of the complexity of receptivity and stabil-
ity processesat hypersonicregimes.This issue leads to the necessity
of close coordinationbetween theoreticalmodeling and experimen-
tal design and testing.

A high-Reynolds-number Mach-6 quiet Ludwieg tube is under
development at Purdue University.2;3 Experiments with controlled
disturbances in this facility could provide a breakthrough in ex-
perimental modeling and a detailed examination of the governing
mechanisms associated with hypersonic laminar-turbulent transi-
tion. The test section of the tube will be well suited to experiments
with bodies of revolution, and a sharp cone would be considered
as a good candidate for transition studies because of its relatively
simple mean � ow. This wind tunnel will provide high Mach num-
bers in combination with high Reynolds numbers. Because, under
these conditions, the second instability mode becomes dominant in
the transition process,4 issues related to this instability mode must
be revisited.

The second-mode instabilitywas observed in the experiments of
Kendall,5 Demitriadis,6 Stetson et al.,7 and Stetson and Kimmel.8

Mach-8 stability and transitionexperiments7 for the boundary layer
on a sharp cone indicated that the unstable high-frequency sec-
ond mode plays a major role in the conical boundary-layer transi-
tion. These data are consistent with the stability calculations,4;9;10

which show that two-dimensionalwaves of the second mode have a
growth rate higher than that of three-dimensionalwaves. To address
the two-dimensional nature of the second mode, one should look
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for an experimental setup providing excitation of predominantly
two-dimensionaldisturbances.

Several methods for excitation of arti� cial disturbances in
a hypersonic boundary layer are available. A glow discharge
technique is used in the design of two-dimensional11;12 and
three-dimensional12¡14 perturbers generating disturbances at the
boundary-layer bottom. They can also be used for excitation of
high-frequencyacoustic disturbances.12 In Ref. 15 a laser is used to
induce local disturbances in a freestream. A relatively small region
of heated air is generated in front of the cone tip. The temperature
spot propagates downstream and translates into a ring embracing
the cone surface. The laser perturber can provide both wave trains
of � xed frequency and local wave packets of a broad frequency
band. This method might serve for experimental studies of the in-
teraction between two-dimensionalfreestreamdisturbancesand the
boundary-layer� ow. Such experiments should be accompanied by
theoretical modeling in all phases, from the design of the experi-
mental setup to the analysis and interpretationof the data.

To meet the experimental constraints just discussed, we need to
focus on the theoretical modeling of excitation and on the devel-
opment of two-dimensional wave trains and/or wave packets in a
conical hypersonic boundary layer. Another motivation originates
from the theoretical results of Gushchin and Fedorov16 and Fedorov
and Khokhlov.17;18 They found that the second-mode instability is
associated with synchronization of the � rst mode with the second
mode. In the synchronismregion the eigenvaluespectrumsplits into
two branches. The asymptotic analyses17;18 of the spectrumbranch-
ing show a strong intermodal exchange caused by nonparallel ef-
fects. In accordance with the intermodal exchange rule established
in Refs. 17 and 18, the � rst (stable) mode effectively excites the
second (unstable) mode in the synchronism region. To predict the
initial amplitudeof the second-modeinstability,one should account
for excitation of both the � rst and second modes, despite the fact
that the � rst mode might decay downstream.

If we exclude the high-frequency vibrations of the wall, then
a major source of the instability excitation is associated with the
freestream disturbances. Theoretical studies17;19 showed that the
� rst and second modes are synchronized with acoustic waves near
the leading edge of a � at plate (or near the sharp cone tip). The
latter agrees with experimental observations by Chen et al.20 that
this synchronizationmight lead to an early transition to turbulence
of the discrete modes by the freestream acoustic noise. Fedorov
and Khokhlov17;19 developed a theoretical model of this receptiv-
ity mechanism, and corresponding experimental studies were per-
formed by Maslov et al.12 A similar experiment with acoustic dis-
turbances radiating the boundary layer over a sharp cone would be
more complicated, as the interaction of the acoustic � eld with the
shockwave would generateall modes of the continuousspectrum,21

and interpretation of the data would be questionable. Another op-
tion is associated with the synchronizationof a discrete mode with
vorticity/entropy waves of the continuous spectra. Fedorov and
Khokhlov18 showed that the � rst mode (for adiabatic and weakly
cooled walls) and the second mode (for strongly cooled walls) are
synchronizedwith these freestreamdisturbances.The synchroniza-
tionprovidesfavorableconditionsforhypersonicboundary-layerre-
ceptivityto freestreamturbulenceand temperaturespottiness.These
� ndings, along with the possibility of generating two-dimensional
spottiness near a sharp cone model,15 motivated the present work.

Our objective is to solve the initial-value problem for a wave
packet generated by a local source, which can be a temperature
spot, vortex,or a combinationof the two. Because the second-mode
instability is maximal for two-dimensionalwaves, we focus on two-
dimensionaldisturbancespropagatingin a boundarylayerona sharp
cone at a zero angle of attack. As the � rst step of this research, we
consider the locally parallel approximation.

Problem Formulation
At the initial time moment t D 0 a localized (with respect to the

streamingcoordinate)two-dimensionaldisturbanceof small ampli-
tude is internalized into a locally parallel boundary-layer� ow of a
calorically perfect gas. The problem is to describe the downstream
evolutionof this disturbance,which can be treated as a wave packet.

The hydrodynamic and thermodynamic characteristics of the � ow
are expressed as a superposition Qs.y/ C q.x; y; t/, where Qs is
the mean-� ow characteristic and q is its disturbance; the coordi-
nates x; y, and time t are nondimensionalizedusing a length scale
L¤ and time L¤=U ¤

e . The velocity components, temperature, and
density are referenced to their quantities at the upper boundary-
layer edge, and pressure is nondimensionalizedusing the dynamic
pressure ½¤

e =U ¤2
e . The linearized Navier–Stokes equations for the

disturbances are
@½

@t
C ½s

@u

@x
C Us

@½

@x
C @

@y
.½sv/ D 0 (1a)

½s

³
@u

@t
C Us

@u

@x
C v

@Us

@y

´
D ¡ @¼

@x
C 1

Re

»
¹s

@

@x

³
r

@u

@x
C m

@v

@y

´

C @

@y

µ
¹s

³
@u

@y
C @v

@x

´
C ¹

@Us

@y

¶¼
(1b)

½s

³
@v

@t
C Us

@v

@x

´
D ¡ @¼

@y
C 1

Re

»
¹s

@

@x

µ³
@u

@y
C @v

@x

´
C ¹

@Us

@y

¶

C @

@y

µ
¹s

³
m

@u

@ x
C r

@v

@y

´¶¼
(1c)

½s

³
@µ

@t
C Us

@µ

@x
C v

@Ts

@y

´
D .° ¡ 1/M2

e

³
@¼

@t
C Us

@¼

@x
C 1

Re
8

´

C 1
PrRe

µ
¹s

@2µ

@x2
C @

@y

³
¹s

@µ

@y
C ¹

@Ts

@y

´¶
(1d)

¼

Ps
D

µ

Ts
C

½

½s
(1e)

8 D ¹s 2

³
@u

@y
C @v

@x

´
@Us

@y
C ¹1

³
@Us

@y

´2

(1f)

where Re D ½¤
e U ¤

e L¤=¹¤
e is the Reynolds number, r D 2.e C 2/=3,

m D 2.e ¡ 1/=3, and e D 0 correspondsto the Stokes hypothesis.At
this stage the mean-� ow pro� les Us.y/ and Ts .y/ might be consid-
ered as a quasi-parallel approximation of an exact solution of the
Navier–Stokes equations.In the presentwork, for the numerical im-
plementationof the stability analysis the pro� les are found from the
compressibleboundary-layerequations at a zero pressure gradient.

The system of equations (1a–1f ) can be written for the dis-
turbance vector function A D .u; @u=@y; v; ¼; µ; @µ=@y/T in the
matrix-operator form
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where L0; H10; H11; H2; H3 , and H4 are 6 £ 6 matrices. Their
nonzero elements are presented in Appendix A. At the initial time
moment t D 0 the disturbance vector is speci� ed as

A.x; y; 0/ D A0.x; y/ (3)

The boundary conditions are

y D 0 : u D v D µ D 0 (4a)

y ! 1 : jA j j ! 0 . j D 1; : : : ; 6/ (4b)

Here, Eq. (4a) corresponds to no-slip conditions and zero temper-
ature perturbation on a wall of high thermal conductivity. Specif-
ically, we consider the initial boundary-value problem (2–4), with
the initial vector A0 of a nonzero temperature disturbance

A05 D µ0.x; y/; A0 j D 0 . j 6D 5; 6/ (5)
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Formal Solution of the Initial-Value Problem
Although compressibility adds complexity to the problem, our

approach is similar to the case of an incompressibleboundary layer
considered by Gustavsson.22 The problem (2–4) is solved using
Fourier transform with respect to x and Laplace transform with
respect to t :

Ap® .y/ D
1

p
2¼

Z 1

0

e¡pt

Z C1

¡1
e¡i®x A.x; y; t/ dx dt (6)

For the amplitude vector Ap® we obtain from Eq. (2) the nonho-
mogeneous system of ordinary differential equations

d
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where A0®.y/ is a Fourier transform of the initial disturbance � eld
A0.x; y/. The solution of Eq. (7) satis� es the boundary conditions

y D 0 : A p®1 D A p®3 D A p®5 D 0 (8a)

y ! 1 : jA p® j j ! 0 . j D 1; : : : ; 6/ (8b)

Further analysis is similar to the case of a harmonic disturbance
propagatingin space.23 We beginwith considerationof the homoge-
neous part of Eq. (7). The latter can be recast as a standard stability
system of ordinary differentialequations for two-dimensionalcom-
pressible boundary layers:

d A
dy

D H0 A (9)

where H0 is a 6 £ 6 matrix; its nonzero elements are presented
in Appendix A. There are six fundamental solutions of the homo-
geneous system of equations: z1; : : : ; z6 . Each vector function has
an exponential asymptotic behavior exp.¸ j y/ outside the boundary
layer. For y ! 1 the characteristic equation detkH0 ¡ ¸Ik D 0 can
be written in the explicit form
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and the elements of matrix H0 are evaluated at y ! 1. The roots
of Eq. (10) are
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For the sake of de� niteness, we choose the root branches as
Re.¸1; ¸3; ¸5/ < 0 and introduce the matrix of fundamental solu-
tions

Z D kz1; : : : ; z6k (12)

A solution of the nonhomogeneous system (7) is expressed in the
form

Ap® D ZQ.y/ (13)

where the vector of coef� cients Q is determined by the method of
variation of the parameters:
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Accounting for dZ=dy D H0Z, we obtain the system of equations
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Let us consider the fourth equation of Eq. (15)
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where zi j stands for the i th component of vector z j . One can derive
the relations
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written as
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A similar analysis of the second equation
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A formal solution of Eq. (21) is expressed in the form
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where W .1/ can be evaluated with known asymptotic relations for
the fundamentalsolutionsoutsidethe boundarylayer.Summarizing,
we obtain

Ap® D
³

a1 C
Z y

0

D1

W
dy

´
z1 C

Z y

1

D2

W
dy z2

C
³

a3 C
Z y

0

D3

W
dy

´
z3 C

Z y

1

D4

W
dy z4

C
³

a5 C
Z y

0

D5

W
dy

´
z5 C

Z y

1

D6

W
dy z6 (24a)

a1 D
c2 E235 C c4 E435 C c6 E635

E135
(24b)

a3 D
c2 E125 C c4 E145 C c6 E165

E135
(24c)

a5 D
c2 E132 C c4 E134 C c6 E136

E135
(24d)

c j D
Z 1

0

D j

W
dy (24e)

Ei jk D det

®®®®®®

z1i z1 j z1k

z3i z3 j z3k

z5i z5 j z5k

®®®®®®
y D 0

(24f )

where zi j denotes the i th component of the j th vector.

Inverse Laplace Transform
The inverse Laplace transform of Eq. (24a)

A® .y; tI ®/ D 1

2¼ i

Z p0 C i1

p0 ¡ i1
Ap® .yI p; ®/ept dp (25)

is determined by the poles (relevant to the discrete spectrum) and
branch cuts (relevant to the continuous spectrum) in the complex
plane p. Integratingalongthecontourschematicallyshown in Fig. 1,
we can express Eq. (25) as a sum of integrals along the sides ° ¡

and ° C of each branch cut and a sum of residues associated with
the poles that result from the equation E135.p/ D 0, that is,
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Continuous Spectrum
Solutions of the continuous spectrum correspond to the case

where a characteristicnumber ¸ j given by Eq. (11) is purely imag-
inary, that is, ¸2

j D ¡ k2, k > 0, j D 1; : : : ; 6. A temporal analysis
of the continuous spectrum (the wave number ® is a real parame-
ter, and the angular frequency! D ip is a complex eigenvalue)was
carried out by Grosch and Salwen24 and Ashpis and Erlebacher25

for incompressibleand compressibleboundary layers, respectively.

Fig. 1 Integration contour for the in-
verse Laplace transform.

a)

b)

Fig.2 Three branches of the continuousspectrum in the complex plane
p: Me = 5.6,® = 1, ° = 1.4,Pr = 0.7, and Re = 1000;a) ——, global picture
and b) ————, local behavior near the point p = 0.

Spatial analyses (! is a real parameter, and ® is a complex eigen-
value)were performedby Salwen and Grosch26 and Zhigulevet al.27

for an incompressibleboundary layer, and by Tumin and Fedorov23

(see also Zhigulev and Tumin28) and Balakumar and Malik29 for a
compressibleboundary layer. We shall recapitulatethe main results
of the analysis reported in Ref. 25.

The � rst pure oscillatory solution corresponds to ¸2
1;2 D ¡ k2 and

leads to the relation

pc;1 D ¡i® ¡ .k2 C ®2/=Re (27)

This solution is interpreted as a vorticity branch. The equation
£¡

b22 ¡ ¸2
¢¡
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¢

¡ b23b32

¤
D 0 (28)

is a third-order polynomial with respect to p. It has three roots at
¸2 D ¡ k2. A numerical evaluation of these roots was performed
with the help of Mathematica,30 and the results are shown in Fig. 2
for Me D 5:6; ® D 1; ° D 1:4, Pr D 0:7, and Re D 1000. One branch
(the horizontal line) has a � nite limiting point, and two others ex-
tend to in� nity.25 The horizontal branch is associated with entropy
freestream disturbances. [The branch (27) is not shown because
it overlaps the entropy branch.] The upper and lower branches
are relevant to acoustic waves. They start from the branch points
p D ¡i®.1 ¨ 1=Me/, which correspond to the disturbance phase
speed c D 1 ¨ 1=Me (slow and fast acoustic waves, respectively).

We denote one side of the branch cuts as “C” and the other as
“¡” in accordance with the asymptotic behavior:
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where k is real and positive parameter. Then, one can obtain the
relations
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The integrals along the branch-cut sides ° § can be written as one
integral of the difference:
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Because the underlined terms are canceled, we obtain
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Solutions for acoustic waves include four fundamental vector
functions. Two of them decay outside the boundary layer, and two
others oscillate as e§i ky . Accounting for Eqs. (24a–24f), Eq. (32)
can be written in terms of the functions on the C side as
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c2 E125 C c3 E135 C c4 E145 C c6 E165

E145 E135

£ [¡E345z1 C E145z3 ¡ E135z4 C E134z5] (33)

The vorticity disturbance outside the overlapping region can be
expressed in a similar way. It includes two decaying and two oscil-
lating fundamentalvectors.An uncertaintyexists at the overlapping
points,where there are four oscillatingand one decayingfundamen-
tal solutions, that is, the number of fundamental solutions is larger
than is necessary to satisfy the boundaryconditions.Analysis of the
general solution (24) helps to resolve the dif� culty. Because this
issue has not been addressed elsewhere, it needs to be discussed in
detail.

In the overlapping zone, we denote one side of the branch cut as
“C” and the other as “¡” and choose the notation of fundamental
vectors in accordance with the asymptotic behavior:

zC
1 » eiky ; z¡

1 » e¡iky ; zC
2 » e¡i ky (34a)

z¡
2 » eiky ; zC

3 » e¸3 y; z¡
3 » e¸3 y (34b)

zC
4 » e¸4 y ; z¡

4 » e¸4 y ; zC
5 » eik1 y (34c)

z¡
5 » e¡ik1 y; zC

6 » e¡ik1 y; z¡
6 » e¡i k1 y (34d)

where k and k1 are real and positive parameters and ¸3;4 are given
by Eq. (11b). Then, similar to Eq. (30) one can obtain the relations

z¡
1 D zC

2 ; z¡
2 D zC

1 ; z¡
3 D zC

3 (35a)

z¡
4 D zC

4 ; z¡
5 D zC

6 ; z¡
6 D zC

5 (35b)

W C D W ¡; D¡
1 D DC

2 ; D¡
2 D DC

1 (35c)

D¡
3 D DC

3 ; D¡
4 D DC

4 ; D¡
5 D DC

6 ; D¡
6 D DC

5

(35d)

The integrals along the branch-cut sides ° § can be written as one
integral of the difference:

AC
p® ¡ A¡

p® D
³

aC
1 C

Z y

0

DC
1

W C dy

´
zC

1 C
Z y

1

DC
2

W C dy zC
2

C
³

aC
3 C

Z y

0

DC
3

W C dy

´
zC

3 C
Z y

1

DC
4

W C dy zC
4

C
³

aC
5 C

Z y

0

DC
5

W C dy

´
zC

5 C
Z y

1

DC
6

W C dy zC
6

¡
³

a¡
1 C

Z y

0

D¡
1

W ¡ dy

´
z¡

1 ¡
Z y

1

D¡
2

W ¡ dy z¡
2

¡
³

a¡
3 C

Z y

0

D¡
3

W ¡ dy

´
z¡

3 ¡
Z y

1

D¡
4

W ¡ dy z¡
4

¡
³

a¡
5 C

Z y

0

D¡
5

W ¡ dy

´
z¡

5 ¡
Z y

1

D¡
6

W ¡ dy z¡
6 (36)

Because the underlined terms are canceled, we obtain

AC
p® ¡ A¡

p® D
¡
aC

1 C cC
1

¢
zC

1 C
¡
aC

3 ¡ a¡
3

¢
zC

3 C
¡
aC

5 C cC
5

¢
zC

5

¡
¡
a¡

1 C cC
2

¢
zC

2 ¡
¡
a¡

5 C cC
6

¢
zC

6 (37)

Equation (37) can be expressed in the compact explicit form

AC
p® ¡ A¡

p® D Ac;1 C Ac;2 (38a)

Ac;1 D
c1 E135 C c2 E235 C c4 E435 C c6 E635

E135 E235

£ [E235z1 ¡ E135z2 C E125z3 C E132z5] (38b)

Ac;2 D
c1 E231 C c4 E234 C c5 E235 C c6 E236

E235 E236

£ [E356z2 ¡ E256z3 C E236z5 ¡ E235z6] (38c)

Each term in Eq. (38a) satis� es the boundary condition on the
wall and can be interpreted as a stand-alone mode. The � rst term
Ac;1 representsthevorticitywavewith z5 » eik1 y , and the secondterm
Ac;2 represents the entropywave with z2 » ei ky . Equations(38b) and
(38c) also specify weights of vorticity and entropy disturbances in
the fundamental solution relevant to the overlapping zone.

Hereafter,we considerthe boundary layer over an adiabatic sharp
cone at a zero angle of attack. The boundary-layer pro� les corre-
spond to the compressible � at-plate boundary-layer solution with
the Mangler transformation from a planar to a conical con� gura-
tion. It is assumed that the distance from the cone tip is so large
that nonparallel effects associated with the transverse curvature
and the boundary-layer growth can be neglected. The length scale
is de� ned as L¤ D

p
.¹¤

e x¤=½¤
e U ¤

e /, and the Reynolds number is
Re D

p
.½¤

e U ¤
e x¤=¹¤

e /. All numerical results are obtained for the lo-
cal Mach number Me D 5:6, the Reynolds number Re D 1219:5, and
the stagnationtemperatureT0 D 470 K. Theseparametersare chosen
to � t the experimental conditions of the Mach-6 Ludwieg tube.2;3

For this Reynolds number the bow shock effect associated with a
hypersonic viscous-inviscid interaction can be neglected because
the interaction parameter Â D M3

e =Re ¼ 0:14 is small.31

Details of the numerical method are described in Appendix B.
Similar analyses can be performed for boundary layers on different
conical and planar con� gurations.Basic features of the disturbance
spectrum and the results discussed hereafter are qualitatively the
same for a wide class of quasi-parallel� ows in presence of stream-
wise pressure gradient.

The streamwise velocity of the acoustic disturbance is shown
in Fig. 3. It is seen that acoustic waves effectively penetrate the
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C < 1 ¡¡1/Me

C > 1 + 1/Me

Fig. 3 Streamwise velocity disturbance of the acoustic modes: Me =
5.6, Re = 1219.5, ® = 0.215, and k = 1.

Fig. 4 Streamwise velocity disturbance of the entropy mode: Me = 5.6,
Re = 1219.5, ® = 0.215, and k = 1.

boundary layer (the upper boundary-layer edge is y ¼ 10) and in-
duce velocityoscillationsof an amplitude four times larger than that
in the outer � ow. Figures 4 and 5 show typical distributions of the
streamwise velocity disturbance for entropy and vorticity waves,
respectively. In contrast to the acoustic waves shown in Fig. 3, the
amplitudesof entropyand vorticitywaves are almost zero inside the
boundarylayer.This is consistentwith the well-known fact that vor-
tices and temperature spots propagate along the mean-� ow stream-
lines displaced to the outer inviscid � ow by the boundary layer. The
vorticity/entropy disturbancespenetrate the boundary layer as a re-
sult of viscous and thermal diffusions, which are weak at the high
Reynolds numbers considered herein.

Fig. 5 Streamwise velocity disturbance of the vorticity mode: Me = 5.6,
Re = 1219.5, ® = 0.215, and k = 1.

Fig. 6 Streamwise velocity disturbance of the � rst mode: Me = 5.6,
Re = 1219.5, and ® = 0.215.

Discrete Spectrum
The discrete modes are given by the residues of Eq. (26) and

correspond to the case where all roots of Eq. (11) have nonzero real
parts. These modes are associated with roots of the equation

E135.p/ D 0 (39)

where E135 is given by Eq. (24f). The residues are expressed in the
form

Resn

¡
Ap®ept

¢
D An.yI pn ; ®/epn t (40a)

An D [.c2 E235 C c4 E435 C c6 E635/z1 C .c2 E125 C c4 E145 C c6 E165/z3

C .c2 E132 C c4 E143 C c6 E136/z5]

µ
@ E135

@p
. pn/

¶¡1

(40b)

If the eigenvalue pn does not belong to any of the continuous
spectrumbranch cuts, then the correspondingfunctionAn.yI pn ; ®/
exponentially decays outside the boundary layer, y ! 1. As an
example, Fig. 6 shows the streamwise velocity distribution of the
� rst mode for ® D 0:215.

Summary
Summarizing, we can express the inverse Laplace transform as

A®.y; tI ®/ D
X

n

An.yI pn; ®/epn t

¡ 1
2¼ i

4X

m D 1

Z 1

0

Ac;m .yI k; ®/e pc;m .k/t dpc;m

dk
dk (41)

where pn is a rootofEq. (39) andAn is givenbyEq. (40b);m D 1 cor-
responds to the vorticity wave, with pc;1 and Ac;1 given by Eqs. (27)
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and (38b), respectively; m D 2 corresponds to the entropy wave,
with pc;2 and Ac;2 results of Eqs. (28) and (38c), respectively; and
m D 3; 4 relate to slow and fast acoustic waves. A numerical evalu-
ation of Eq. (41) is straightforwardif there is no coalescingbetween
the discrete and continuous spectra, that is, pn 6D pc;m . However,
this is not typical for hypersonic boundary layers. In the next sec-
tion we show that the � rst discrete mode is synchronized with the
vorticity/entropy waves at a certain wave number ® D ®¤. In the
vicinity of this synchronism point, the inverse Laplace transform
should be modi� ed as discussed in the next section.

Synchronization of the First Mode
with Vorticity/Entropy Waves

We focuson the � rst and secondmodes,which are associatedwith
unstable disturbancesand play an important role in the initial phase
of laminar-turbulenttransition.Figure 7 shows numerical results for
eigenvalues!n D i pn of the � rst (n D 1) and second (n D 2) modes.

Hereafter the � rst (second) mode has the phase speed
cr ! 1 ¡ 1=Me (cr ! 1 C 1=Me) as ® ! 0. This terminologyis dif-
ferent from that introducedby Mack4 to describe the multiplicityof
in� ectional neutral modes. Unfortunately Mack’s terminology be-
comes ambiguous when applied to nonneutral solutions.This moti-
vatedus to identifythe boundary-layermodesusingtheir asymptotic
behavior in the long wavelength limit.

Figure 7 shows that there is a synchronismbetween the � rst mode
and the entropyand vorticitymodes of the phase speed c D 1, that is,
theeigenvalue!1 coincideswith thecorrespondingvaluesof thevor-
ticity/entropywaves at the wave number ®¤ ¼ 0:19. The streamwise

Fig. 7 Numerical evaluation of eigenvalues for the � rst and second
modes: Me = 5.6, Re = 1219.5, and T0 = 470 K.

Fig. 8 Streamwise velocity disturbance of the � rst mode: Me = 5.6,
Re = 1219.5, and ® = 0.2.

Fig. 9 Contours of !i in the complex plane ®.

Fig. 10 Contours of jjRe¸1 jj in the complex plane ®.

velocity pro� le of the � rst mode at ® D 0:2 is shown in Fig. 8. In the
synchronism vicinity the eigenfunctiondecays very slowly outside
the boundary layer and oscillates similar to the vorticity/entropy
waves. As the discrete mode coalesces with the continuous spec-
trum from one side of the branch cut, it reappearson its other side at
another point. This topology leads to a jump of the imaginary part
!i , shown in Fig. 7. Contours of !i in the complex ® plane (Fig. 9)
indicate that jumps of !i are observed along an almost vertical line,
starting from the point ® ¼ 0:19 ¡ i0:02. Contours of jRe¸1j for the
� rst mode in the complex ® plane (Fig. 10) show that the discon-
tinuity of !i is indeed associated with the coalescing of the � rst
mode with the entropy/vorticity waves .Re¸1 D 0/. Note that a sim-
ilar topology of the disturbance spectrum was reported by Fedorov
and Khokhlov18 regarding the spatial eigenvalues®. They assumed
that, in the synchronism region, the vorticity and entropy waves
can effectively generate the � rst mode. Using discretization of the
continuous spectrum, they showed that the vorticity/entropy waves
translate to the � rst mode in the vicinity of the synchronismpoint.

Figure 9 also shows that there is another irregularity at the point
® ¼ 0:21 ¡ i0:016. To illuminate more details of the discontinuity,
we plot !i vs ®r at different®i in Fig. 11.This behaviorof the growth
rate is typical for the branching of two modes. In the present case
we deal with branchingof the � rst and second modes that occurs at
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Fig. 11 Plot of !i in the vicinity of ®i = ¡¡0.0155.

a)

b)

c)

d)

Fig. 12 Spectrum topologyand integrationcontour in the synchronism
region.

a complex ®. The branching topology is consistent with the results
presentedin Refs.16–18.FedorovandKhokhlov17;18 investigatedan
interaction between the � rst and second modes in the branch-point
vicinity as a result of nonparallel effects. They revealed a strong
intermodal exchange leading to effective excitation of the second
mode instability.

The coalescingof the � rst mode with the vorticity/entropy waves
leads to a nonanalytic behavior of p1.®/ D i!1.®/ that might im-
pact an integration path of the inverse Fourier transform and affect
both excitation and downstream evolution of the wave packet. This
issue was brie� y discussed by Reutov and Rybushkina32 in con-
nection with the wave packet of vortical disturbances propagating
in incompressible � ow over a � at plate. To resolve this dif� culty,
we consider the spectrumbehaviornear the synchronismpoint.The
jump of !i at ® D ®¤ indicates that there are two poles p.1/

1 and p.2/

1
associated with the � rst mode. Their trajectories in the plane p are
schematically shown in Fig. 12a. For ® < ®¤ the pole p.1/

1 is above
the vorticity/entropy branch cut, and the pole p.2/

1 is on the lower
sheet of the Riemann surface. The pole p.1/

1 approaches the up-
per side of the branch cut as ® ! ®¤ ¡ 0 and eventually disappears
on the upper sheet of the Riemann surface when ® > ®¤, whereas
the pole p.2/

1 approaches the lower side of the branch cut and ap-
pears on the plane p when ® > ®¤. A part of the integrationcontour
associated with this spectrum topology can be replaced by the con-
tours schematically shown in Fig. 12b for ® < ®¤ and Fig. 12d for
® > ®¤. Apparently the integrals along the new contours equal the

corresponding integrals along the old contour shown in Fig. 1. The
former are expressed as

J.¡/ ´ A1

¡
yI p.1/

1 ; ®
¢
ep.1/

1 t ¡ 1

2¼ i

2X

m D 1

Z 1

0

Ac;m .yI k; ®/

£ e pc;m .k/t dpc;m

dk
dk; ® < ®¤ (42a)

J.C/ ´ A1

¡
yI p.2/

1 ; ®
¢
ep.2/

1 t ¡
1

2¼ i

2X

m D 1

Z 1

0

Ac;m .yI k; ®/

£ e pc;m .k/t dpc;m

dk
dk; ® > ®¤ (42b)

The lower limit ® ! ®¤ ¡ 0 of J.¡/ equals the upper limit
® ! ®¤ C 0 of J.C/ and equals the integral along the contour shown
in Fig. 12c, that is,

J.C/.®¤/ D J.¡/.®¤/ D 1

2

2X

j D 1

A1

£
yI p. j /

1 ; ®
¤
ep. j/t

1

¡ 1

2¼ i

2X

m D 1

PV

Z 1

0

Ac;m .yI k; ®/e pc;m .k/t dpc;m

dk
dk (42c)

where PV denotes the principal value of the integral. Summarizing,
we concludethat, despite the p1 jump, the inverseLaplace transform
(41) has no discontinuity at the synchronism point ®¤. Therefore,
the inverse Fourier transform can be performed along the real axis
of the complex plane ® and expressed as

A.x; y; t/ D 1
p

2¼

Z C1

¡1
A®.y; tI ®/ei®x d® (43)

Biorthogonal System of Eigenfunctions
A solution of the initial boundary value problem (41) can also be

presentedas an expansionin thebiorthogonaleigenfunctionssystem
fA!; B!g, where the vector A! is a solution of the direct problem:

d

dy

³
L0

d A!

dy

´
C d A!

dy
D ¡i!H10 A! C H11 A!

C i®H2 A! C i®H3
d A!

dy
¡ ®2 H4 A! (44a)

y D 0 : A!1 D A!3 D A!5 D 0 (44b)

y ! 1 : jA! j j < 1 (44c)

and the vector B! is a solution of the adjoint problem:

d

dy

³
L¤

0

d B!

dy

´
¡ d B!

dy
D i N!H ¤

10 C B! H ¤
11B!

¡ i®H ¤
2 B! C i®H ¤

3

d B!

dy
¡ ®2 H ¤

4 B! (45a)

y D 0 : B!2 D B!3 D B!5 D 0 (45b)

y ! 1 : jB! j j < 1 (45c)

The asterisk in Eqs. (45) denotes a Hermitian adjoint matrix, and
the overbar denotes a complex conjugate value. The direct problem
(44) can be expressed in the standard form (9). The adjoint problem
(45) can also be expressed in a similar form as

¡dY
dy

D H ¤
0 Y (46a)

y D 0: Y2 D Y4 D Y6 D 0 (46b)

y ! 1: jY j j < 1 (46c)

One can establish correspondencebetween B! and Y. The relation-
ships are presented in Appendix C. The latter were checked with
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the help of Mathematica software.30 Solutions of the problems (44)
and (45) belong to discrete and continuous spectra. Equations (33),
(38), and (40) represent modes satisfying Eqs. (44), with weights
depending on the initial data A0® .

For the eigenvector system fA!; B!g the following orthogonality
relation is valid:

hH10 A!; B!0 i ´
Z 1

0

.H10 A!; B!0/ dy D 1!;! 0 (47)

where 1!;!0 is the Kronecker symbol if ! or !0 belongs to the
discrete spectrum; 1!;! 0 D ±.! ¡ !0/ is a delta function if both !
and !0 belong to the continuousspectrum.We assume that solutions
of the adjoint problem (46) are properly normalized to make the
coef� cient on the right-hand side of Eq. (47) equal to unity.

Following Refs. 23 and 24, one can analyze the coef� cients of
the formal solution (33), (38), and (40) and show that the inverse
Laplace transform is expressed in the form of expansion into the
biorthogonal eigenfunctionsystem

A®.y; t/ D
X

v

cvA®!v.y/e¡i!v t

C
X

j

Z 1

0

c j .k/A®! j .y/e¡i! j .k/t dk (48)

Here,
P

v
and

P
j denote the sum over the discrete and continu-

ous spectra, respectively. In Eq. (48) the frequency ! D i p is used
instead of the Laplace variable p. The statement that the inverse
Laplace transform (41) can be presented in the form (48) means
completeness of the biorthogonal eigenfunction system. The coef-
� cients cv and c j can be found from the Fourier transform of the
initial data A0®.y/, using the orthogonality relation (47). Although
a numerical evaluation of the expansion (41) is straightforward, it
is more convenient to use the biorthogonal eigenfunction system
to determine the weight of each mode. In the next section we will
apply this technique for evaluationof boundary-layerreceptivity to
temperature spottiness.

Receptivity to Temperature Spots
As an example, we consider the initial temperaturespot localized

at a distance y0 from the wall, that is,

µ.x; y/ D ±.y ¡ y0/±.x/ at t D 0 (49)

The orthogonalitycondition (47) allows us to determine the weight
c1 of the � rst-mode wave generated by the temperature spot

c1.®/ D
hH10 A0®; B!i
hH10 A!; B!i (50)

where the frequency!.®/ correspondsto the � rst-mode eigenvalue.
The denominator hH10 A!; B!i is included in Eq. (50) for the case
of an arbitrary normalization of the adjoint-problem solution. The
physicalmeaning of the coef� cient c1 dependson the normalization
of the eigenfunction A! . For example, if the eigenfunction is nor-
malized as umax D max[u.y/] D 1 the coef� cient c1 is the amplitude
of the maximum streamwise velocity component umax associated
with the � rst mode. For a temperature spot of the shape given by
Eq. (49), Eq. (50) leads to the expression

c1.®/ D
H 35

10 .y0/B3!.y0/ C H 65
10 .y0/B6!.y0/

hH10 A!; B!i
(51)

Figure 13 shows the maximum streamwise velocity amplitude
umax of the � rst-mode wave, which is generatedby ® componentsof
the temperature spot localized at various normal distances y0 from
the wall. Figure 14 illustrates the distributionsof umax.y0/ for vari-
ous � xed wave numbers. These data can be treated as distributions
of the receptivity coef� cient with respect to ® and y0. It is seen that
receptivity is highly nonuniform in the ® ¡ y0 space. Long-wave
components of the temperaturespot (with ® < 0:19) have almost no
effect on the � rst mode. As expected, the highest receptivityoccurs

Fig. 13 Map of the streamwise velocity component (� rst mode) gener-
ated by the ® component of the temperature spot.

Fig. 14 Amplitude of the streamwise velocity component of the � rst
mode generated by the ® component of the temperature spot.

in the vicinity of the synchronismpoint ®¤ ¼ 0:2, where the recep-
tivity coef� cient has a sharp peak. The maximum umax ¼ 0:03 is
observed at the distance y0 ¼ 11 close to the upper boundary-layer
edge. Its value (as well as the width 1®) decreases with the dis-
tance y0. However, even at y0 twice the boundary-layer thickness,
the synchronized components of the temperature spot generate the
� rst-mode wave of the appreciable amplitude umax ¼ 0:01. This in-
dicates that the boundary-layer� ow is highly receptive to the tem-
perature spottiness in the synchronism region where the � rst-mode
phase speed is close to that of the mean-� ow speed at the upper
boundary-layeredge. Just downstreamof this region, the � rst mode
effectively excites the unstable second mode,17;18 which triggers
the initial phase of transition.This scenario might be important in a
low-noise environment,when the acoustic componentof freestream
disturbances is small compared with the temperature spottiness. It
might be also important in the case of the low receptivity in the
leading-edgeregion, which is typical for conical con� gurations.

The second maximum of the receptivity coef� cient is located in
the vicinity of ® ¼ 0:28 and y0 ¼ 8:5. It is observed in the range
5 < y0 < 11 and associated with the temperature disturbances ini-
tialized inside the boundary layer. Because its width 1® is essen-
tially larger than that of the peak as a result of synchronization,the
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� rst-modewave packet resultingfrom integrationover ® might have
a relatively large amplitude. However, this mechanism implies the
presence of a local forcing source within the boundary layer. Such a
source can be induced arti� cially (for example, using a laser beam);
however, it does not occur in natural � ows because the freestream
temperature spottiness weakly penetrates the boundary layer.

Conclusions
In this paper we analyzed the initial-value problem for two-

dimensional disturbances propagating in a hypersonic boundary
layer over a sharp cone at a zero angle of attack. It is shown that
its solution can be presented as an expansion in the biorthogonal
eigenfunctionsystem.This approachprovidesa compact and robust
formalismfor theoreticalassessmentsof hypersonicboundary-layer
receptivityto freestreamdisturbancessuch as temperaturespots and
vortical perturbations.The analytical and numerical results lead to
the following conclusions:

1) The spectrum topology of a hypersonicboundary layer is sub-
stantiallydifferent from that of the subsoniccase.The discrete spec-
trum reveals a nonanalytic behavior of its dispersion relationship
caused by synchronizationof the � rst mode (for an adiabatic wall)
or the second mode (for a strongly cooled wall) with the vortic-
ity/entropy waves of the continuous spectrum.

2) In the synchronism region the boundary layer is highly re-
ceptive to temperature spottinessand/or freestream turbulence.The
receptivitymaximumis locatednear the upperboundary-layeredge,
where vortical and temperature disturbances are naturally concen-
trated as a result of the boundary-layerdisplacementeffect. This re-
ceptivity mechanism can play an important role in the initial phase
of transition for the case of free � ights and “quiet” wind tunnels
when the freestream acoustic � eld is relatively weak. It might be
competitive with the leading-edge receptivity, especially for coni-
cal con� gurations with relatively small leading-edgeareas.

3) The second maximum of the receptivity coef� cient is associ-
ated with local disturbances induced inside the boundary layer. A
natural occurrence of these disturbances is unlikely; however, they
can be generated arti� cially using a laser beam or spark-discharge
techniques. The theoretical predictions can be validated by experi-
ments in quiet wind tunnels.A good candidate for such experiments
might be the high-Reynolds-numberMach-6 Ludwieg tube, which
is presently being constructed at Purdue University. A laser per-
turber can be used to induce temperature spots in a freestream and
to conductdetailedmeasurementsof receptivitycharacteristics.The
theoretical model discussed in this paper can help in the design of
such an experiment and in the interpretationof the data.

Appendix A: Nonzero Elements of the Matrices
in Eqs. (2) and (9)

Nonzero elements of the matrices in Eqs. (2b) and (9) are

H 21
10 D Re=¹s Ts; H 34

10 D ¡° M2
e ; H 35

10 D 1=Ts

H 43
10 D ¡1=Ts; H 64

10 D ¡.RePr=¹s /.° ¡ 1/M2
e

H 65
10 D RePr=Ts¹s; H 12

11 D 1; H 23
11 D .Re=¹s Ts/DUs

H 22
11 D ¡D. ¹s/; H 25

11 D ¡[D.¹0
sDUs/=¹s]

H 26
11 D ¡.¹0

s=¹s/DUs; H 56
11 D 1; H 33

11 D DT s=Ts

H 63
11 D .RePr=Ts¹s/DT s

H 65
11 D ¡

£
Pr.° ¡ 1/M 2

e

¯
¹s

¤
¹0

s.DUs/
2 ¡ [D.¹0

sDTs /=¹s]

H 66
11 D ¡2¹0

s DTs =¹s; H 62
11 D ¡2DUsPr.° ¡ 1/M2

e

H 21
2 D ReUs=¹s Ts; H 23

2 D ¡D. ¹s/; H 24
2 D Re=¹s

H 31
2 D ¡1; H 34

2 D ¡° M 2
e Us; H 35

2 D Us=Ts

H 41
2 D m D¹s=Re; H 42

2 D .m C 1/¹s=Re

H 43
2 D ¡Us=Ts ; H 45

2 D ¹0
s DSs =Re

H 63
2 D ¡2PrDUs.° ¡ 1/M 2

e

H 64
2 D ¡.RePr=¹s/.° ¡ 1/M2

e Us; H 65
2 D .RePr=Ts¹s/U

H 23
3 D ¡.m C 1/; H 21

4 D ¡r; H 43
4 D ¹s=Re

H 65
4 D ¡1; L43

0 D ¡r¹s=Re; H 12
0 D H 56

0 D 1

H 21
0 D ®2 C i.®Us ¡ i p/Re=¹s Ts; H 22

0 D ¡D¹s=¹s

H 23
0 D ¡i®.m C 1/DT s=Ts ¡ i®D¹s=¹s C ReDUs=¹s Ts

H 24
0 D i®Re=¹s ¡ .m C 1/° M2

e ®.®Us ¡ ip/

H 25
0 D ®.m C 1/.®Us ¡ i p/=Ts ¡ D.¹0

s DUs/=¹s

H 26
0 D ¡¹0

sDUs=¹s; H 31
0 D ¡i®; H 33

0 D DTs=Ts

H 34
0 D ¡i° M2

e .®Us ¡ i p/; H 35
0 D i.®Us ¡ i p/=Ts

Â D
£
Re=¹s C i r° M 2

e .®Us ¡ i p/
¤¡1

H 41
0 D ¡i®Â.rDTs =Ts C 2D¹s=¹s/; H 42

0 D ¡i®Â

H 43
0 D Â

£
¡ ®2 ¡ i.®Us ¡ i p/Re=¹s Ts

C r D2Ts=Ts C r D¹sDT s=¹s Ts

¤

H 44
0 D ¡iÂr° M 2

e [®DUs C .®Us ¡ i p/.DTs=Ts C D¹s=¹s /]

H 45
0 D iÂ[r®DUs=Ts C ®¹0

sDUs=¹s C r .®Us ¡ i p/D¹s =¹s Ts]

H 46
0 D irÂ.®Us ¡ i p/=Ts; H 62

0 D ¡2.° ¡ 1/M2
e PrDUs

H 63
0 D ¡2i®.° ¡ 1/M2

e PrDUs C RePrDT s=¹s Ts

H 64
0 D ¡iRePr.° ¡ 1/M2

e .®Us ¡ i p/=¹s

H 65
0 D ®2 C iRePr.®Us ¡ i p/=¹s Ts

¡ .° ¡ 1/M2
e Pr¹0

s .DUs/
2
¯

¹s ¡ D2¹s

¯
¹s

H 66
0 D ¡2D¹s=¹s

Appendix B: Numerical Method
The conventionalforms of Eqs. (9) and (46) for the direct and ad-

joint problems were used in the numerical evaluations. Afterward,
the adjoint eigenfunction B! was found with the help of the rela-
tionships from Appendix C. The numerical procedure incorporates
the integration of Eqs. (9) and (46) for three (discrete spectrum) or
four (continuous spectrum) fundamental solutions. The integration
was carried out from outside the boundary layer (ymax ¼ 14) toward
the wall employing the Gram–Schmidt orthonormalization proce-
dure.The integrationwas ful� lled with a fourth-orderRunge–Kutta
scheme with a constant step (301 points on the interval).

In the analysisof the discrete spectrum, the complex frequency!
was found using Newton’s iteration procedure. The iterations were
considered converged if the temperature disturbance on the wall
were less than 10¡5, whereas u and v were kept equal to zero. In
considerationof the continuous spectra, k was used as a parameter,
and the frequency ! was found from the equation ¸2

j D ¡k2 with
the help of Mathematica.30

The inner product hH10 A!; B!i in Eq. (50) was calculated nu-
merically on the interval [0; ymax] and analytically on the interval
[ymax; 1].

The iteration procedure in the analysis of the discrete spectrum
depends on the initial approach to the eigenvalue !. This depen-
dency might be especiallystrong in the vicinityof the synchronisms
just described. To � nd the initial approach and to validate the re-
sults obtained with the code based on the Runge–Kutta scheme, we
developed a code using the two-domain Chebyshev spectral collo-
cationmethod.33 To validate the latter code,we reproducedthe main
results of Refs. 33 and 34.
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Appendix C: Correspondence Between Solutions
of the Adjoint Problems, Eqs. (45) and (46)

B1 D Y1 C
i®rY4£

Re=¹s ¡ ir° M2
e .®Us ¡ N!/

¤

B2 D Y2

B3 D i®.m C 1/Y2 C Y3 C
rDTs

Ts

Y4£
Re=¹s ¡ i r° M2

e .®Us ¡ N!/
¤

¡
r¹s

Re

d

dy

Á
Y4£

1 ¡ i.r¹s=Re/° M 2
e .®Us ¡ N!/

¤
!

B4 D Y4

(
1£

1 ¡ i.r¹s=Re/° M2
e .®Us ¡ N!/

¤
)

B5 D Y5 ¡
ir.®Us ¡ N!/

Ts

Y4£
Re=¹s ¡ ir° M 2

e .®Us ¡ N!/
¤

B6 D Y6
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