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Initial-Value Problem for Hypersonic Boundary-Layer Flows

Alexander Fedorov*
Moscow Institute of Physics and Technology, Moscow Region, 140180 Zhukovski, Russia

and

Anatoli Tumin®
University of Arizona, Tucson, Arizona 85721

An initial-value problem is analyzed for a two-dimensional wave packet induced by a local two-dimensional
disturbance in a hypersonic boundary layer. The problem is solved using Fourier transform with respect to the
streamwise coordinate and Laplace transform with respect to time. The temporal continuous spectrum is revisited,
and the uncertainty associated with the overlapping of continuous-spectrum branches is resolved. It is shown that
the discrete spectrum’s dispersion relationship is nonanalyticbecause of the synchronization of the first mode with
the vorticity/entropy waves of the continuous spectrum. However, the inverse Laplace transform is regular at the
synchronism point. Characteristics of the wave packet generated by an initial temperature spot are numerically
calculated. It is shown that the hypersonic boundary layer is highly receptive to vorticity/entropy disturbances in
the synchronism region. The feasibility of experimental verification of this receptivity mechanism is discussed.

Nomenclature

= vector function of six components
Jjth component of vector A

d/dy

ratio of the bulk viscosity to the dynamic viscosity
ijth matrix element

Mach number

2(e—1)/3

mean pressure

Prandtl number

Laplace variable

Reynolds number

2(e+2)/3

mean-flow temperature

time

mean-flow velocity

streamwise velocity disturbance
normal velocity disturbance
streamwise coordinate
coordinate normal to the wall
streamwise wave number
specific heat ratio

temperature disturbance
viscosity disturbance
mean-flow viscosity

du,/dT,

pressure disturbance

density disturbance

= mean-flow density
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Subscripts

e = upper boundary-layeredge
= Laplace transform
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s = mean flow

o = Fourier transform
* = synchronization
Superscripts

T = transposed

* = dimensional

Introduction

TUDIES of laminar-turbulent transition in hypersonic

boundary-layerflows have a long history. Nevertheless, our un-
derstanding of this phenomenon is still very poor compared to the
low-speed case.! There are several reasons for this gap. For exam-
ple, experimental conditions are severe in hypersonic wind tunnels.
Because of very high levels of freestream noise, it is difficult to
perform experiments with controlled disturbances. It is also diffi-
cult to design perturbers providing high-frequency artificial distur-
bances of well-controlled characteristics. Usually experimentalists
deal with wave trains or wave packets internalized in the bound-
ary layer. Furthermore, interpretation of experimental data is not
straightforwardbecause of the complexity of receptivity and stabil-
ity processesat hypersonicregimes. This issue leads to the necessity
of close coordinationbetween theoretical modeling and experimen-
tal design and testing.

A high-Reynolds-number Mach-6 quiet Ludwieg tube is under
development at Purdue University>? Experiments with controlled
disturbances in this facility could provide a breakthrough in ex-
perimental modeling and a detailed examination of the governing
mechanisms associated with hypersonic laminar-turbulent transi-
tion. The test section of the tube will be well suited to experiments
with bodies of revolution, and a sharp cone would be considered
as a good candidate for transition studies because of its relatively
simple mean flow. This wind tunnel will provide high Mach num-
bers in combination with high Reynolds numbers. Because, under
these conditions, the second instability mode becomes dominant in
the transition process,* issues related to this instability mode must
be revisited.

The second-mode instability was observed in the experiments of
Kendall,’ Demitriadis,® Stetson et al.,” and Stetson and Kimmel.}
Mach-8 stability and transition experiments’ for the boundary layer
on a sharp cone indicated that the unstable high-frequency sec-
ond mode plays a major role in the conical boundary-layer transi-
tion. These data are consistent with the stability calculations !0
which show that two-dimensional waves of the second mode have a
growth rate higher than that of three-dimensional waves. To address
the two-dimensional nature of the second mode, one should look
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for an experimental setup providing excitation of predominantly
two-dimensional disturbances.

Several methods for excitation of artificial disturbances in
a hypersonic boundary layer are available. A glow discharge
technique is used in the design of two-dimensional'"!> and
three-dimensional>~!* perturbers generating disturbances at the
boundary-layer bottom. They can also be used for excitation of
high-frequency acoustic disturbances.!? In Ref. 15 a laser is used to
induce local disturbancesin a freestream. A relatively small region
of heated air is generated in front of the cone tip. The temperature
spot propagates downstream and translates into a ring embracing
the cone surface. The laser perturber can provide both wave trains
of fixed frequency and local wave packets of a broad frequency
band. This method might serve for experimental studies of the in-
teraction between two-dimensional freestream disturbancesand the
boundary-layer flow. Such experiments should be accompanied by
theoretical modeling in all phases, from the design of the experi-
mental setup to the analysis and interpretation of the data.

To meet the experimental constraints just discussed, we need to
focus on the theoretical modeling of excitation and on the devel-
opment of two-dimensional wave trains and/or wave packets in a
conical hypersonic boundary layer. Another motivation originates
from the theoretical results of Gushchin and Fedorov'® and Fedorov
and Khokhlov.!”"!® They found that the second-mode instability is
associated with synchronization of the first mode with the second
mode. In the synchronismregion the eigenvalue spectrum splitsinto
two branches. The asymptotic analyses'”!® of the spectrumbranch-
ing show a strong intermodal exchange caused by nonparallel ef-
fects. In accordance with the intermodal exchange rule established
in Refs. 17 and 18, the first (stable) mode effectively excites the
second (unstable) mode in the synchronism region. To predict the
initial amplitude of the second-modeinstability,one should account
for excitation of both the first and second modes, despite the fact
that the first mode might decay downstream.

If we exclude the high-frequency vibrations of the wall, then
a major source of the instability excitation is associated with the
freestream disturbances. Theoretical studies!”!® showed that the
first and second modes are synchronized with acoustic waves near
the leading edge of a flat plate (or near the sharp cone tip). The
latter agrees with experimental observations by Chen et al.? that
this synchronizationmight lead to an early transition to turbulence
of the discrete modes by the freestream acoustic noise. Fedorov
and Khokhlov!7-!? developed a theoretical model of this receptiv-
ity mechanism, and corresponding experimental studies were per-
formed by Maslov et al.'> A similar experiment with acoustic dis-
turbances radiating the boundary layer over a sharp cone would be
more complicated, as the interaction of the acoustic field with the
shock wave would generate all modes of the continuousspectrum,?!
and interpretation of the data would be questionable. Another op-
tion is associated with the synchronizationof a discrete mode with
vorticity/entropy waves of the continuous spectra. Fedorov and
Khokhlov'® showed that the first mode (for adiabatic and weakly
cooled walls) and the second mode (for strongly cooled walls) are
synchronized with these freestream disturbances. The synchroniza-
tion providesfavorableconditionsfor hypersonicboundary-layerre-
ceptivity to freestream turbulence and temperature spottiness. These
findings, along with the possibility of generating two-dimensional
spottiness near a sharp cone model,'> motivated the present work.

Our objective is to solve the initial-value problem for a wave
packet generated by a local source, which can be a temperature
spot, vortex, or a combination of the two. Because the second-mode
instability is maximal for two-dimensionalwaves, we focus on two-
dimensionaldisturbancespropagatingin a boundarylayerona sharp
cone at a zero angle of attack. As the first step of this research, we
consider the locally parallel approximation.

Problem Formulation

At the initial time moment # =0 a localized (with respect to the
streaming coordinate) two-dimensional disturbance of small ampli-
tude is internalized into a locally parallel boundary-layerflow of a
calorically perfect gas. The problem is to describe the downstream
evolution of this disturbance, which can be treated as a wave packet.

The hydrodynamic and thermodynamic characteristics of the flow
are expressed as a superposition Q,(y) +q(x, y, t), where Q; is
the mean-flow characteristic and g is its disturbance; the coordi-
nates x, y, and time ¢ are nondimensionalizedusing a length scale
L* and time L*/U}. The velocity components, temperature, and
density are referenced to their quantities at the upper boundary-
layer edge, and pressure is nondimensionalized using the dynamic
pressure p;/U**. The linearized Navier-Stokes equations for the
disturbances are
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where Re=p}U}L*/u} is the Reynolds number, r =2(e +2)/3,
m=2(e—1)/3, and e =0 correspondsto the Stokes hypothesis. At
this stage the mean-flow profiles U;(y) and T} (y) might be consid-
ered as a quasi-parallel approximation of an exact solution of the
Navier—Stokes equations.In the present work, for the numerical im-
plementation of the stability analysis the profiles are found from the
compressibleboundary-layerequations at a zero pressure gradient.

The system of equations (la—1f) can be written for the dis-
turbance vector function A = (u, du/dy, v, m, 0, 36/9y)" in the
matrix-operator form

d L 0A n 0A
ay 0 ay ay
9%A 9%A

T R L + H. 2)
T 0% " > ox Taxdy | tax?

where L, Hyy, Hi1, H,, H;, and H, are 6 X 6 matrices. Their
nonzero elements are presented in Appendix A. At the initial time
moment f =0 the disturbance vector is specified as

A(x,y,0) =Ao(x,y) 3)

The boundary conditions are
y=0: u=v=60=0 (4a)
y — 00 : [A;| -0 (G=1,...,6) (4b)
Here, Eq. (4a) corresponds to no-slip conditions and zero temper-
ature perturbation on a wall of high thermal conductivity. Specif-
ically, we consider the initial boundary-value problem (2—4), with

the initial vector A of a nonzero temperature disturbance

Aps = 0y(x, ), A(Jj =0 (J #5,6) (%)
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Formal Solution of the Initial-Value Problem
Although compressibility adds complexity to the problem, our
approachis similar to the case of an incompressibleboundary layer
considered by Gustavsson?* The problem (2-4) is solved using
Fourier transform with respect to x and Laplace transform with
respectto t:

1 0 teo
A, (y) = E/ 6_’”/ e A(x, y,t)dxdt  (6)
0 —00

For the amplitude vector A ,, we obtain from Eq. (2) the nonho-
mogeneous system of ordinary differential equations

o +dA”"‘—H A HypA
dr 0 dy dy = o PA pa 10 A0«

pa

dA
+Hj Ay +icH Ay, + iaH3d— —a’HyA,, @)
y

where A, (y) is a Fourier transform of the initial disturbance field
Ay (x, y). The solution of Eq. (7) satisfies the boundary conditions

y= 0: Apotl = Apot3 = ApotS =0 (83)

y— 00: [Apeil = 0 (G=1,...,6) (8b)

Further analysis is similar to the case of a harmonic disturbance
propagatingin space > We begin with considerationof the homoge-
neous part of Eq. (7). The latter can be recast as a standard stability
system of ordinary differential equations for two-dimensional com-

pressible boundary layers:
— =HyA 9)

where H, is a 6 X 6 matrix; its nonzero elements are presented
in Appendix A. There are six fundamental solutions of the homo-
geneous system of equations: zy, ..., Zg. Each vector function has
an exponential asymptotic behaviorexp(A ;y) outside the boundary
layer. For y — oo the characteristic equation det|| Hy — AI|| =0 can
be written in the explicit form

(b1 = 22) x [(bar = 22) (b33 — 22) = bysbs,] =0 (10)
where
by =h2, by = HPH? + HPH? + HHS
by = H2HP + H¥ HY + HYHS
by = HY, by = HY

and the elements of matrix H, are evaluated at y — oo. The roots
of Eq. (10) are

)‘%_2 = by, =a2+iRe(oe—ip) (11a)

A§_4 = (bzz + b33)/2 - %\/(bzz - b33)2 + 4b23b32 (11b)

)‘g.é = (b +b33)/2+ %\/(bzz — b33)? +4bybs,  (110)
For the sake of definiteness, we choose the root branches as

Re(A;, A3, As) <0 and introduce the matrix of fundamental solu-
tions

Z =z, ...zl (12)

A solution of the nonhomogeneous system (7) is expressed in the
form

Ape =Z0Q(y) (13)

where the vector of coefficients Q is determined by the method of
variation of the parameters:

dZ d eQ  dLy, d d d
21,3248 LUZ—€+—UZ—Q+Z—Q—iaH3Z—Q=F
dy dy dy dy dy dy dy
(14a)
F; = —(HyAw); (14b)

Accounting for dZ/dy = HyZ, we obtain the system of equations

d @20 dL, d d d
Y A s P U S
dy dy?  dy dy dy dy

Let us consider the fourth equation of Eq. (15)

d’Q j do; dLg3 do;
+ 24 — T nj
dy? dy dy dy

40/
2Lz Hy d—y’ + Lz, =F,
(16)

where z;; stands for the ith componentof vectorz;. One can derive
the relations

do; dF. d?Q; dQ;
Z3j& — F3’ _3 — Z3j Q2/ + Z[jH(J&&
dy dy dy dy
do; do;
zy; 2, =0, zs; 9 _y (7
dy dy

Accounting for the nonzero elements of H(fj only, Eq. (16) can be
written as

40, _ R Ly HPF — [d(LFF) [av]

Z4j = (18)
dy 1+ L3 H
A similar analysis of the second equation
ag; . dg;
o= —ieHP == = F (19)
with z3; dQ; /dy = F; leads to the form
o, .
zz,.d—y’ =F +iaHPF; (20)
Thus, we can rewrite the nonhomogeneoussystem (15) as
o
Z— =9, o1 =0
dy

0= —(HpAw)r — iOfH323(H10A0a)3, 03 = —(HjpAp)3

0n = {—(Hona)4 + LY HP F3(H g Agy)3

. d[LE (HioAow)s] 1
dy 1+ LEH?

s =0, we = —(HigAoo)s 2D

A formal solution of Eq. (21) is expressed in the form

6 y
A=Y (aj +/ ~ dy)zj (22a)

j=1 ¥j
D, _d9 (22b)

W = det(Z), o ==
y

where the constantsa; and y; are obtained from the boundary con-
ditions at y =0 and oo. The function W (y) is given by the equation

W) = W(OO)CXP|:/’ tr(Ho) dy} (23)

o)
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where W (00) can be evaluated with known asymptotic relations for
the fundamental solutionsoutsidethe boundarylayer. Summarizing,
we obtain

A ( +/"'Dld) o
pa = | A1 - 4y |1z - 4y 22
! 0 w 00 w
+(ﬂl3+/ >Z3+/ _dyZ4
0
+<“5+/ _dy>15+/ —dyzf, (24a)
0

C2Eyss + ¢4 Egzs + ¢ Esss

a, = 24b
I Fon (24b)
o — C2E125 + caEvus + ¢ E 5 (240)
’ E\35
a4 — B3 + ¢4 E13s + c6E 136 (24d)
° E\35
N /
c; _/ dy (24e)
2l Z1j o Zuk
Eij =det |z z3; zy (24f)
Zsi  Zsj  Zsk y=0

where z;; denotes the ith component of the jth vector.

Inverse Laplace Transform
The inverse Laplace transform of Eq. (24a)

1 po +ioco
A, (v, ti ) = —/ A, (yi p,a)e? dp (25)
2mi 0 —ico

is determined by the poles (relevant to the discrete spectrum) and
branch cuts (relevant to the continuous spectrum) in the complex
plane p. Integratingalong the contourschematicallyshownin Fig. 1,
we can express Eq. (25) as a sum of integrals along the sides y~
and y* of each branch cut and a sum of residues associated with
the poles that result from the equation E35(p) =0, that is,

e D[ 4 0) i

! (26)

Continuous Spectrum

Solutions of the continuous spectrum correspond to the case
where a characteristicnumber A; given by Eq. (11) is purely imag-
inary, that is, )fj = —k%k>0,j=1,...,6. A temporal analysis
of the continuous spectrum (the wave number « is a real parame-
ter, and the angular frequency w = ip is a complex eigenvalue) was
carried out by Grosch and Salwen? and Ashpis and Erlebacher®
for incompressible and compressible boundary layers, respectively.

@

Fig. 1 Integration contour for the in-
verse Laplace transform.

a)

FERERY,

-0 10 —0.08 -0.06 -0.04 -0.02 0.00
P,
b)
Fig.2 Three branches of the continuousspectrum in the complex plane

p:M,=5.6,a=1,v=1.4,Pr=0.7,and Re =1000; a) ——, global picture
and b) ——, local behavior near the pointp = 0.

Spatial analyses (w is a real parameter, and « is a complex eigen-
value) were performed by Salwen and Grosch?® and Zhigulev etal.?’
for an incompressible boundary layer, and by Tumin and Fedorov?*
(see also Zhigulev and Tumin?®) and Balakumar and Malik® for a
compressibleboundary layer. We shall recapitulate the main results

of the analysis reported in Ref. 25.

The first pure oscillatory solution correspondsto A7 , = — k* and
leads to the relation
Pen = —ia — (K> +a?)/Re 27

This solution is interpreted as a vorticity branch. The equation
[(bzz - )tz)(b33 - )Lz) - b23b32] =0 (28)

is a third-order polynomial with respect to p. It has three roots at
A?= — k% A numerical evaluation of these roots was performed
with the help of Mathematica,*® and the results are shown in Fig. 2
for M, =5.6,a=1,y =1.4, Pr=0.7, and Re = 1000. One branch
(the horizontal line) has a finite limiting point, and two others ex-
tend to infinity.”> The horizontal branch is associated with entropy
freestream disturbances. [The branch (27) is not shown because
it overlaps the entropy branch.] The upper and lower branches
are relevant to acoustic waves. They start from the branch points
p=—ia(l1F1/M,), which correspond to the disturbance phase
speedc=1F 1/M, (slow and fast acoustic waves, respectively).

We denote one side of the branch cuts as “+” and the other as
“—"" in accordance with the asymptotic behavior:

zh ~ e, 7, ~ M, o~ (29a)

7 ~ e, z; ~ b, 7, ~e (29b)
—iky - iky sy

z ~ e, z, ~ e, 5~ (29¢)

zs— ~ e’*»sy, z;f ~ e’*»oy, Z(,_ ~ o6y (29d)

where k is real and positive parameter. Then, one can obtain the
relations

, Z, = z;’, z; = zI (30a)

. 75 =z8, 7y =2z (30b)
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WH=—-w-, Dy =-Df, Dy = —-Df (30c)
D; = -Df, D, = -Df
Dy = -D{, Dy = —-Df (30d)

The integrals along the branch-cut sides y* can be written as one
integral of the difference:

y D+ y D+
At —A,, = (af’ + W_1+ dy)zfr + W—i dyzy
0

00

,VD+ ,VD+
+<a3++/0 W—idy>z3++/ W—‘Ldyz;(

,VD+ ,VD+
+<a5++/0 W—idy)z;—i—/ W—‘idyzgr
.+ yDl_d . yD;d >
a; . W- Y )z W Yz,
o[ B[ oo
3 - 3 - 4

0 w 00 w

<_+/y _d>_ /yD(’_d_ (31)

—\4s —dy Jzs — o= 9%

0 00 w

Because the underlined terms are canceled, we obtain

Ay, — Ay, = (af —ay )zl + (a7 +cf)zg

pa

%lm

— (a5 + ¢ )zi + (af —a5)zd (32)

Solutions for acoustic waves include four fundamental vector
functions. Two of them decay outside the boundary layer, and two
others oscillate as e***’. Accounting for Egs. (24a-24f), Eq. (32)
can be written in terms of the functions on the + side as
CEps + c3E 35 + ¢4 Eys + ¢6Er6s

E\45E 35

X [—E34521 + Easzz — E13524 + E13425] (33)

A, —A, =

pa

The vorticity disturbance outside the overlapping region can be
expressed in a similar way. It includes two decaying and two oscil-
lating fundamental vectors. An uncertainty exists at the overlapping
points, where there are four oscillatingand one decaying fundamen-
tal solutions, that is, the number of fundamental solutions is larger
than is necessary to satisfy the boundary conditions. Analysis of the
general solution (24) helps to resolve the difficulty. Because this
issue has not been addressed elsewhere, it needs to be discussed in
detail.

In the overlapping zone, we denote one side of the branch cut as
“+” and the other as “—"" and choose the notation of fundamental
vectors in accordance with the asymptotic behavior:

Gt i~ e ™ (4
R T L
G, gAY g (4o

ZS— Ne—[kly, zg— Ne—[kly, zé— ~ e—[kly (34(1)

where k and k; are real and positive parameters and A3 4 are given
by Eq. (11b). Then, similar to Eq. (30) one can obtain the relations

7 =175, 7, =z, 5 =zF (352)
z, =z}, 75 =27, zg =28 (35b)
Wt =w-, Dy = D, D; = Df (35¢)

D; = DY
(35d)

The integrals along the branch-cut sides y* can be written as one
integral of the difference:

y DT y DT
+ - — + il + -2 +
AW —AW = (“1 +/U o dy)z1 +/ Wt dyz;
y DT y DT
+ -3 + 4 +
i <a3 +/U W dy>z3 +/ e e
y D+
+<a5++/ W—idy)z;+/
0 o]
- ' Dy - "Dy
TR e CTl v
0 o]

o

Y pt
Dg

6 +
e 9%

, + yD;d . yD;d "
—a =3 _ 4
3 . w- Y )Z3 W- Y2y
y - ,VD—
- a;+/ —dy z;—/ —dyzg (36)
0 w- 00 w-

Because the underlined terms are canceled, we obtain

A=A = (af + e )er + (@ —ay)e + (af +ef)zy

pa
— (a7 + )z = (a5 + ) (37)
Equation (37) can be expressed in the compact explicit form

At —A,, =A.1 +A., (38a)

pa

C1E35 + 2 Eps + ¢4 Egzs + ¢ Esss
E\35 En35

Ac.l =

X [Enszi — Ei3sz2 + E2sz3 + Ei325] (38b)

C1Ey3) + c4Epy + ¢sEpss + ¢ Ensg

Ac.2 =
E235 E236

X [E3sez2 — Easezs + Epe2s — E23526] (38¢)

Each term in Eq. (38a) satisfies the boundary condition on the
wall and can be interpreted as a stand-alone mode. The first term
A, representsthe vorticity wave withzs ~ e'*17 andthe secondterm
A, represents the entropy wave with z, ~ ¢/*’. Equations (38b) and
(38c) also specify weights of vorticity and entropy disturbancesin
the fundamental solution relevant to the overlapping zone.

Hereafter, we considerthe boundary layer over an adiabatic sharp
cone at a zero angle of attack. The boundary-layer profiles corre-
spond to the compressible flat-plate boundary-layer solution with
the Mangler transformation from a planar to a conical configura-
tion. It is assumed that the distance from the cone tip is so large
that nonparallel effects associated with the transverse curvature
and the boundary-layer growth can be neglected. The length scale
is defined as L*=./(u*x*/p:U}), and the Reynolds number is
Re = /(p;Ux*/w*). All numerical results are obtained for the lo-
cal Mach number M, = 5.6, the Reynolds number Re = 1219.5, and
the stagnationtemperature 7, =470 K. These parametersare chosen
to fit the experimental conditions of the Mach-6 Ludwieg tube >
For this Reynolds number the bow shock effect associated with a
hypersonic viscous-inviscid interaction can be neglected because
the interaction parameter y = M? /Re ~0.14 is small.*!

Details of the numerical method are described in Appendix B.
Similar analyses can be performed for boundary layers on different
conical and planar configurations. Basic features of the disturbance
spectrum and the results discussed hereafter are qualitatively the
same for a wide class of quasi-parallel flows in presence of stream-
wise pressure gradient.

The streamwise velocity of the acoustic disturbance is shown
in Fig. 3. It is seen that acoustic waves effectively penetrate the
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Fig. 3 Streamwise velocity disturbance of the acoustic modes: M, =
5.6,Re =1219.5, = 0.215,and k = 1.
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| /1
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o
(03]

Fig.4 Streamwise velocity disturbance of the entropy mode: M, = 5.6,
Re =1219.5,a=0.215,and k = 1.

boundary layer (the upper boundary-layeredge is y ~ 10) and in-
duce velocity oscillations of an amplitude four times larger than that
in the outer flow. Figures 4 and 5 show typical distributions of the
streamwise velocity disturbance for entropy and vorticity waves,
respectively. In contrast to the acoustic waves shown in Fig. 3, the
amplitudesof entropy and vorticity waves are almost zero inside the
boundarylayer. This is consistentwith the well-known fact that vor-
tices and temperature spots propagate along the mean-flow stream-
lines displaced to the outer inviscid flow by the boundary layer. The
vorticity/entropy disturbances penetrate the boundary layer as a re-
sult of viscous and thermal diffusions, which are weak at the high
Reynolds numbers considered herein.

30

_30 T T T T T T
0 5 10 15 20 25 30

y

Fig.5 Streamwise velocity disturbance of the vorticity mode: M, =5.6,
Re =1219.5,a=0.215,and k = 1.

T T Y T T

0 5 10 15 20 25 30

Fig. 6 Streamwise velocity disturbance of the first mode: M, = 5.6,
Re =1219.5,and o = 0.215.

Discrete Spectrum

The discrete modes are given by the residues of Eq. (26) and
correspond to the case where all roots of Eq. (11) have nonzeroreal
parts. These modes are associated with roots of the equation

Ei3s(p) =0 (39)

where E |35 is given by Eq. (24f). The residues are expressed in the
form

Res, (A,e™) = A,(: p,, @)e™ (40a)

A, =[(2Ens+c4Eps+ csEs35)z1 + (2 E 125 + €4 Ergs + ¢ E65)23

‘ ‘ ‘ 0Ess |
+ (c2E13 + c4Era3 + 6 E136)25] ap (Pn) (40b)
If the eigenvalue p, does not belong to any of the continuous
spectrum branch cuts, then the correspondingfunctionA,, (y; p,, @)
exponentially decays outside the boundary layer, y — 0o0. As an
example, Fig. 6 shows the streamwise velocity distribution of the
first mode for o = 0.215.

Summary
Summarizing, we can express the inverse Laplace transform as

A tia) = Y A paa)el

n

4 oo
1 De de.lll
5= / A (ko @)erm O = dk @1
0

m=1

where p, isarootofEq. (39)andA, is givenby Eq. (40b);m = 1 cor-
responds to the vorticity wave, with p. ; and A, | givenby Eqgs. (27)
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and (38b), respectively; m =2 corresponds to the entropy wave,
with p., and A, , results of Eqs. (28) and (38c), respectively; and
m =3, 4 relate to slow and fast acoustic waves. A numerical evalu-
ation of Eq. (41)is straightforwardif there is no coalescingbetween
the discrete and continuous spectra, that is, p, # p.... However,
this is not typical for hypersonic boundary layers. In the next sec-
tion we show that the first discrete mode is synchronized with the
vorticity/entropy waves at a certain wave number o =c,. In the
vicinity of this synchronism point, the inverse Laplace transform
should be modified as discussed in the next section.

Synchronization of the First Mode
with Vorticity/Entropy Waves

‘We focus on the first and second modes, which are associated with
unstable disturbances and play an importantrole in the initial phase
of laminar-turbulenttransition. Figure 7 shows numerical results for
eigenvaluesw, =ip, of the first (n = 1) and second (n = 2) modes.

Hereafter the first (second) mode has the phase speed
¢, > 1—=1/M, (¢, > 1+1/M,) as o« — 0. This terminology is dif-
ferent from that introducedby Mack* to describe the multiplicity of
inflectional neutral modes. Unfortunately Mack’s terminology be-
comes ambiguous when applied to nonneutral solutions. This moti-
vated us to identify the boundary-layermodes using their asymptotic
behavior in the long wavelength limit.

Figure 7 shows that there is a synchronismbetween the first mode
and the entropy and vorticity modes of the phase speed ¢ = 1, thatis,
the eigenvaluew, coincideswith the correspondingvaluesof the vor-
ticity/entropy waves at the wave number «,. ~ 0.19. The streamwise
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Fig. 7 Numerical evaluation of eigenvalues for the first and second
modes: M, = 5.6, Re =1219.5,and Ty =470 K.

Fig. 8 Streamwise velocity disturbance of the first mode: M, = 5.6,
Re =1219.5,and o = 0.2.

VL gdE+og

-0.04

Fig. 10 Contours of IRe\;! in the complex plane a.

velocity profile of the first mode at « = 0.2 is shown in Fig. 8. In the
synchronism vicinity the eigenfunctiondecays very slowly outside
the boundary layer and oscillates similar to the vorticity/entropy
waves. As the discrete mode coalesces with the continuous spec-
trum from one side of the branch cut, it reappears on its other side at
another point. This topology leads to a jump of the imaginary part
w;, shown in Fig. 7. Contours of w; in the complex o plane (Fig. 9)
indicate that jumps of w; are observed along an almost vertical line,
starting from the pointa ~ 0.19 — i0.02. Contours of |[Re, | for the
first mode in the complex « plane (Fig. 10) show that the discon-
tinuity of w; is indeed associated with the coalescing of the first
mode with the entropy/vorticity waves (Rex; =0). Note thata sim-
ilar topology of the disturbance spectrum was reported by Fedorov
and Khokhlov'® regarding the spatial eigenvaluesc. They assumed
that, in the synchronism region, the vorticity and entropy waves
can effectively generate the first mode. Using discretization of the
continuous spectrum, they showed that the vorticity/entropy waves
translate to the first mode in the vicinity of the synchronism point.

Figure 9 also shows that there is another irregularity at the point
o ~0.21 —i0.016. To illuminate more details of the discontinuity,
we plotw; vs «, atdifferente; inFig. 11. This behavior of the growth
rate is typical for the branching of two modes. In the present case
we deal with branching of the first and second modes that occurs at
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Fig.12 Spectrum topologyand integration contour in the synchronism
region.

a complex «. The branching topology is consistent with the results
presentedin Refs. 16—18. Fedorovand Khokhlov!’-!8 investigatedan
interaction between the first and second modes in the branch-point
vicinity as a result of nonparallel effects. They revealed a strong
intermodal exchange leading to effective excitation of the second
mode instability.

The coalescingof the first mode with the vorticity/entropy waves
leads to a nonanalytic behavior of p; (@) =iw; () that might im-
pact an integration path of the inverse Fourier transform and affect
both excitation and downstream evolution of the wave packet. This
issue was briefly discussed by Reutov and Rybushkina®*? in con-
nection with the wave packet of vortical disturbances propagating
in incompressible flow over a flat plate. To resolve this difficulty,
we consider the spectrumbehavior near the synchronismpoint. The
jump of w; at @ = &, indicates that there are two poles pfl) and pfz)
associated with the first mode. Their trajectoriesin the plane p are
schematically shown in Fig. 12a. For « < «, the pole pfl) is above
the vorticity/entropy branch cut, and the pole pfz) is on the lower
sheet of the Riemann surface. The pole pfl) approaches the up-
per side of the branch cut as @« — o, — 0 and eventually disappears
on the upper sheet of the Riemann surface when o > «,., whereas
the pole pfz) approaches the lower side of the branch cut and ap-
pears on the plane p when « > «,.. A part of the integration contour
associated with this spectrum topology can be replaced by the con-
tours schematically shown in Fig. 12b for « < o, and Fig. 12d for
o > o, Apparently the integrals along the new contours equal the

correspondingintegrals along the old contour shown in Fig. 1. The
former are expressed as

2 00
1
JO =4, (y: pVa)er = — " / Acn(yik, )
0

2mi
m=1

x ePem (k)t dpc.m dk,
dk

2 00
- — ) P2 1 E : .
J —Al(y» P ,0{)6 ! i /; Acm(yik, )

m=1

a < o, (42a)

x ebem (k)t dpc.m dk

dk ’

The lower limit o — a, —0 of J equals the upper limit

a —> a, +0 of J® and equals the integral along the contour shown
in Fig. 12c, that is,

o >, (42b)

1% . :
TP (@) =7 (@) = 3 ZAl[y; P, a]e”(ll)

j=1

= d c,m
—s= D PV / Acn(vik, @peren®r L g 42c)
A dk

where PV denotes the principal value of the integral. Summarizing,
we concludethat, despite the p; jump, the inverse Laplace transform
(41) has no discontinuity at the synchronism point «,. Therefore,
the inverse Fourier transform can be performed along the real axis
of the complex plane « and expressed as

1 +oe .
Ax,y,t)= «/?/ A, (v, t; a)e™ da (43)
T —00

Biorthogonal System of Eigenfunctions

A solution of the initial boundary value problem (41) can also be
presentedas anexpansionin the biorthogonaleigenfunctionssystem
{A,.B,}, where the vectorA,, is a solution of the direct problem:

d dA, dA, )
—| L, + = —iwHyA, + H, A,
dy dy

dy
. . dA, 2
+iaH,A, +iaH, e H,A, (44a)
y
y= 0 N Aml = Aw3 = Aw5 = 0 (44b)
y—> 00 [Awj| < 00 (44c)

and the vector B,, is a solution of the adjoint problem:

d dB, dB, ._
Li— ) — =iwH,+B,H/\B,

dy \ " dy dy
. : dB, ,
—iaHyB, +ioH} 3 —a“H;B, (45a)
y
y= 0: Ba)2 = Bw3 = Ba)S =0 (45b)
y— 00: |B,;| < 00 (45¢)

The asterisk in Egs. (45) denotes a Hermitian adjoint matrix, and
the overbar denotes a complex conjugate value. The direct problem
(44) can be expressedin the standard form (9). The adjoint problem
(45) can also be expressed in a similar form as

r H'Y (46a)
. a
dy 0
y=0: Y .,=Y,=Ys=0 (46b)
y — 00: |Y;] < o0 (46¢)

One can establish correspondencebetween B, and Y. The relation-
ships are presented in Appendix C. The latter were checked with
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the help of Mathematica software *° Solutions of the problems (44)
and (45) belong to discrete and continuous spectra. Equations (33),
(38), and (40) represent modes satisfying Eqs. (44), with weights
depending on the initial data Ao, .

For the eigenvectorsystem {A,,, B, } the following orthogonality
relation is valid:

<H10Aa)aBa)’) E/ (HIUAwan’) dy = Apow (47)
0

where A, . is the Kronecker symbol if w or o" belongs to the
discrete spectrum; A, ,, =8(w — ®’) is a delta function if both w
and ' belongto the continuous spectrum. We assume that solutions
of the adjoint problem (46) are properly normalized to make the
coefficient on the right-hand side of Eq. (47) equal to unity.

Following Refs. 23 and 24, one can analyze the coefficients of
the formal solution (33), (38), and (40) and show that the inverse
Laplace transform is expressed in the form of expansion into the
biorthogonal eigenfunction system

A=) cdaw, (e

+ Z / cj(k)Aew;(y)e 1M dk (48)
j 0

Here, Zu and Y _ . denote the sum over the discrete and continu-
ous spectra, respectively. In Eq. (48) the frequency w =ip is used
instead of the Laplace variable p. The statement that the inverse
Laplace transform (41) can be presented in the form (48) means
completeness of the biorthogonal eigenfunction system. The coef-
ficients ¢, and ¢; can be found from the Fourier transform of the
initial data Ao, (y), using the orthogonality relation (47). Although
a numerical evaluation of the expansion (41) is straightforward, it
is more convenient to use the biorthogonal eigenfunction system
to determine the weight of each mode. In the next section we will
apply this technique for evaluation of boundary-layerreceptivity to
temperature spottiness.

Receptivity to Temperature Spots

As an example, we consider the initial temperature spot localized
at a distance y, from the wall, that is,

O(x,y) =8(y —y)é(x) at =0 (49)

The orthogonality condition (47) allows us to determine the weight
¢, of the first-mode wave generated by the temperature spot

) _ <H10A0aa Bw)
) = oA, B, 0)

where the frequency o (o) correspondsto the first-mode eigenvalue.
The denominator (HyA,, B,) is included in Eq. (50) for the case
of an arbitrary normalization of the adjoint-problem solution. The
physical meaning of the coefficientc; dependson the normalization
of the eigenfunction A, . For example, if the eigenfunction is nor-
malized as Uy = max[u(y)] = 1 the coefficient ¢, is the amplitude
of the maximum streamwise velocity component u,,, associated
with the first mode. For a temperature spot of the shape given by
Eq. (49), Eq. (50) leads to the expression

H¥ (30) B3, (y0) + HS (30) Bow ()
<H10Aa)a Bw)

(5D

c(a) =

Figure 13 shows the maximum streamwise velocity amplitude
Umax Of the first-mode wave, which is generatedby o componentsof
the temperature spot localized at various normal distances y, from
the wall. Figure 14 illustrates the distributions of up,y (yo) for vari-
ous fixed wave numbers. These data can be treated as distributions
of the receptivity coefficient with respect to o and yy. It is seen that
receptivity is highly nonuniform in the « — y, space. Long-wave
components of the temperature spot (with o < 0.19) have almostno
effect on the first mode. As expected, the highest receptivity occurs
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Fig. 13 Map of the streamwise velocity component (first mode) gener-
ated by the o component of the temperature spot.

0.030

0.025

0.0204 —
—F+—a=0.1
—%—0.2
—%—0.25

0.0154

0.010

0.005 4

0 5 10 15

Fig. 14 Amplitude of the streamwise velocity component of the first
mode generated by the o component of the temperature spot.

in the vicinity of the synchronism point o, ~ 0.2, where the recep-
tivity coefficient has a sharp peak. The maximum up, ~0.03 is
observed at the distance y, ~ 11 close to the upper boundary-layer
edge. Its value (as well as the width A«) decreases with the dis-
tance y,. However, even at y, twice the boundary-layer thickness,
the synchronized components of the temperature spot generate the
first-mode wave of the appreciable amplitude u,,, ~ 0.01. This in-
dicates that the boundary-layerflow is highly receptive to the tem-
perature spottiness in the synchronismregion where the first-mode
phase speed is close to that of the mean-flow speed at the upper
boundary-layeredge. Just downstream of this region, the first mode
effectively excites the unstable second mode,!”!® which triggers
the initial phase of transition. This scenario might be importantin a
low-noise environment, when the acoustic componentof freestream
disturbances is small compared with the temperature spottiness. It
might be also important in the case of the low receptivity in the
leading-edgeregion, which is typical for conical configurations.
The second maximum of the receptivity coefficient is located in
the vicinity of « ~ (.28 and y, ~8.5. It is observed in the range
5 <yp <11 and associated with the temperature disturbances ini-
tialized inside the boundary layer. Because its width A« is essen-
tially larger than that of the peak as a result of synchronization, the
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first-mode wave packetresulting from integrationover « might have
a relatively large amplitude. However, this mechanism implies the
presence of a local forcing source within the boundary layer. Such a
source can be induced artificially (for example, using a laser beam);
however, it does not occur in natural flows because the freestream
temperature spottiness weakly penetrates the boundary layer.

Conclusions

In this paper we analyzed the initial-value problem for two-
dimensional disturbances propagating in a hypersonic boundary
layer over a sharp cone at a zero angle of attack. It is shown that
its solution can be presented as an expansion in the biorthogonal
eigenfunctionsystem. This approachprovides a compact and robust
formalism for theoreticalassessmentsof hypersonicboundary-layer
receptivity to freestreamdisturbancessuch as temperature spots and
vortical perturbations. The analytical and numerical results lead to
the following conclusions:

1) The spectrum topology of a hypersonicboundary layer is sub-
stantially different from that of the subsoniccase. The discrete spec-
trum reveals a nonanalytic behavior of its dispersion relationship
caused by synchronizationof the first mode (for an adiabatic wall)
or the second mode (for a strongly cooled wall) with the vortic-
ity/entropy waves of the continuous spectrum.

2) In the synchronism region the boundary layer is highly re-
ceptive to temperature spottiness and/or freestream turbulence. The
receptivitymaximum is locatednear the upperboundary-layeredge,
where vortical and temperature disturbances are naturally concen-
trated as a result of the boundary-layerdisplacementeffect. This re-
ceptivity mechanism can play an important role in the initial phase
of transition for the case of free flights and “quiet” wind tunnels
when the freestream acoustic field is relatively weak. It might be
competitive with the leading-edge receptivity, especially for coni-
cal configurations with relatively small leading-edge areas.

3) The second maximum of the receptivity coefficient is associ-
ated with local disturbances induced inside the boundary layer. A
natural occurrence of these disturbances is unlikely; however, they
can be generated artificially using a laser beam or spark-discharge
techniques. The theoretical predictions can be validated by experi-
ments in quiet wind tunnels. A good candidate for such experiments
might be the high-Reynolds-number Mach-6 Ludwieg tube, which
is presently being constructed at Purdue University. A laser per-
turber can be used to induce temperature spots in a freestream and
to conductdetailed measurements of receptivity characteristics.The
theoretical model discussed in this paper can help in the design of
such an experiment and in the interpretation of the data.

Appendix A: Nonzero Elements of the Matrices
in Egs. (2) and (9)

Nonzero elements of the matrices in Eqs. (2b) and (9) are

HY =Re/u,T,,  HY =-yM?,  HY=1/T,
Hig =—1/T,,  HY = —(RePr/u,)(y — HM?
HE =RePr/Tyn,,  H!>?=1,  HY= Re/u,T,)DU,

H2 = —D(lap,),  HZ = —[D(u.DU,)/1,]
HPf = —(u/u,)DU,,

HP} = (RePr/T,p,) DT,

Hb =1, H}} =DT,/T,

HS = —[Pr(y — DM? [, ] (DU,)* — [D(.DT )/ 1]

H;' = ReU,/u,T,, H = =D(faps,), H}* = Re/pu,

[{231 :—1, H234=_}/M3Uy, H235=U5/Ts

H =mDu,/Re, ~ H{ = (m+ D)yu,/Re

H243 =_UY/TY7 11245 ZM/YDSY/RK

HP® = —2PrDU,(y — 1)M?

Hy* = —(RePr/p)(y — DM;U,,  Hy® = (RePr/Typu,)U
HE=—-m+1), H!=-r,  H=pu/Re
H?=-1, L =-ru,/Re,  H>=H=1

H(JZI = C{Z + i(O{UY - lp)Re//'Lva H(J22 = _D/"LY/I’LY

HP = —ia(m + )DT,/T, — ia Dy, /p, + ReDUs/ 1, T,
H}* = iaRe/p, — (m + 1)y M?a(aU, — ip)

H? = a(m + 1) (aU, —ip)/ T, — D(u,DU,)/ 11,

Hi® = —p.DU/p,.  Hy'=—ia,  Hy® =DT,/T,

Hy' = —iyMX(aU, —ip),  Hy’ =i(aU,—ip)/T,
x = [Re/us +iryM2@U, —ip)] "'

H(;” _laX(rDTY/TY + ZDMY/I’LY)i

Héz = —iay
HP = x[ — o® — i(aU, — ip)Re/u,T,
+rD’T,/T, + rDu,DT, /1, T,]
Hy* = —ixryMZ[aDU, + (U, — ip)(DT,/ T, + Dy, /)]

H® = ix[raDU,/T, + ap;DU,/p; +r(aUs — ip)Dps/p, T

Hy® = iry (U, —ip)/T,,  H§* = =2(y — )M PrDU,
Hy? = =2ia(y — )M PrDU + RePrDT, /T,

HY* = —iRePr(y — DMZ(aU, — ip)/p,
HY = o + iRePr(aU, — ip)/i,T,

—(y = DM2Pri (DU [ iy — D [ e,
11066 = _ZDMY/I’LY

Appendix B: Numerical Method

The conventionalforms of Egs. (9) and (46) for the directand ad-
joint problems were used in the numerical evaluations. Afterward,
the adjoint eigenfunction B,, was found with the help of the rela-
tionships from Appendix C. The numerical procedure incorporates
the integration of Eqs. (9) and (46) for three (discrete spectrum) or
four (continuous spectrum) fundamental solutions. The integration
was carried out from outside the boundary layer (y,.x =~ 14) toward
the wall employing the Gram—Schmidt orthonormalization proce-
dure. The integration was fulfilled with a fourth-order Runge—Kutta
scheme with a constant step (301 points on the interval).

In the analysis of the discrete spectrum, the complex frequency
was found using Newton’s iteration procedure. The iterations were
considered converged if the temperature disturbance on the wall
were less than 1073, whereas u and v were kept equal to zero. In
considerationof the continuous spectra, k was used as a parameter,
and the frequency @ was found from the equation A? = —k? with
the help of Mathematica.®

The inner product (HyA,, B,) in Eq. (50) was calculated nu-
merically on the interval [0, yn,] and analytically on the interval
[ymax ) OO]

The iteration procedure in the analysis of the discrete spectrum
depends on the initial approach to the eigenvalue w. This depen-
dency mightbe especially strong in the vicinity of the synchronisms
just described. To find the initial approach and to validate the re-
sults obtained with the code based on the Runge—Kutta scheme, we
developed a code using the two-domain Chebyshev spectral collo-
cationmethod.?® To validate the latter code, we reproducedthe main
results of Refs. 33 and 34.
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Appendix C: Correspondence Between Solutions
of the Adjoint Problems, Eqs. (45) and (46)

iarY,

[Re/p, —iry M2(aU, — &)]

B1=Y1+

B, =Y,
VDTS Y4

By =ia(m+ 1)Y, +Y; + -
T [Re/u, —iryM2@U, - &)]

Iy d Y4
Re dy \ [1 —i(rp,/Re)y M2(aU, — &)]

1
B, =Y,
YN - iRy MR @U, - @)]
B _y. _ ir@U — @) Y,
T T, [Re/u, —iryM2(@U, — )]
B, = Y,
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